In this paper we generalize slave-boson mean-field theory for t-J model to the time-dependent regime, and derive transport equations for t-J model, both in the normal and superconducting states. By eliminating the boson and constraint fields exactly at zero temperature in the linear-response regime we obtain a set of transport equations for physical electrons which have the same form as Landau transport equations for normal Fermi liquid and Fermi-liquid superconductor, respectively, with all Landau parameters explicitly given. Our theory can be viewed as a refined version of U͑1͒ Gauge theory where all lattice effects are retained and strong correlation effects are reflected as strong Fermi-liquid interactions in the transport equation. Some experimental consequences are discussed.
I. INTRODUCTION
With accumulated experimental evidences it is now generally believed that high-T c superconductors are BCS-like d-wave superconductors close to Mott insulator. It is also believed that strong electron correlation does not destroy Fermi-liquid behavior at low temperature, and the ground state of the superconducting states remains Fermiliquid-͑superconductor 1-3 ͒ like. Theoretically strong electron correlation is often handled by introducing slave particles, together with a constraint that the sum of electron and slave particle is equal to one on every lattice site in the system. The method allows for approximate mean-field solution which gives qualitatively reasonable results in many cases. 4, 5 Within the slave-particle approach a simple theory that describes a strongly correlated d-wave superconductor is the t-J model in the slave-boson formulation. 6 The slave-boson mean-field theory ͑SBMFT͒ of the model produces a phase diagram which agrees qualitatively with experiments. 6 To avoid complicated mathematics, fluctuations upon meanfield theory are often studied in the continuum limit in the language of gauge theories. [7] [8] [9] Whereas the low-temperature phases of gauge theory approaches are Fermi-liquid-like, non-Fermi-liquid behavior arises rather naturally in the formulation at high temperature, and can explain qualitatively a number of properties of cuprates. 7, 8 However, the gauge theory approaches concentrate on investigating fluctuations in only a few channels ͓for example, density and current fluctuations in U͑1͒ gauge theory͔ and disagree with experiments in an important detail where the magnitude of quasiparticle charge is found to be of order xϭhole concentration in theory but is found to be of order O͑1͒ in experiments. 9, 10 As a result it is generally believed that the theory is not a realistic representation of high-T c cuprates in its present form.
To clarify whether the disagreement with experiment is a result of gauge theory approximation or is an intrinsic property of Gaussian fluctuations upon SBMFT we perform a tour de force analysis of Gaussian fluctuations above SB-MFT of t-J model in this paper without introducing continuum approximation. Furthermore, unlike most many-body approaches where fluctuations are analyzed only in a few channels that are thought to be important, we shall cast our theory in a form which can be directly compared with Landau fermi-liquid theory, i.e., fluctuations in all particle-hole ͑and particle-particle in the case of superconductivity͒ channels are considered. Mathematically it means instead of studying fluctuations associated with a few order parameters such as density (q ជ ,t) and current j ជ (q ជ ,t) operators, we shall study fluctuations associated with Wigner function operators k ជ (q ជ ,t)ϭ͗c k ជ ϩq ជ /2 † (t)c k ជ Ϫq ជ /2 (t)͘, together with their generalizations to superconducting phase.
Unfortunately it is not straightforward to analyze Gaussian fluctuations associated with Wigner function operators in ordinary functional integral analysis or diagrammatic approach. Instead, these analysis are usually carried out in the form of transport equations derived for the Wigner function operator. 11, 12 In Gaussian level, the analysis is straightforward in principle but mathematically rather tedious. 11, 13 This is particularly true in the case of t-J model where we have to work with equations of motion for a two-component system with constraint. In this paper we shall carry out such an analysis for both normal and superconducting states. We shall restrict ourselves to the zero-temperature, bosecondensed phase where the mean-field state is Fermi-liquid-like. [7] [8] [9] With a gauge transformation the boson and constraint fields can be eliminated exactly in the linearresponse regime resulting in a set of transport equations for ͑gauge transformed͒ fermions which can be identified as physical electrons in the system. The transport equations have the same form as transport equations for normal Fermi liquids and Fermi-liquid superconductors, 13, 14 respectively. With the transport equation we can extract effective q ជ -dependent Landau interaction for both normal and superconducting states. When computing physical response functions our approach gives more refined results compared with U͑1͒ gauge theory [7] [8] [9] and offers a precise Fermi-liquid interpretation to the results. Moreover, with the Fermi-liquid representation our theory can be extended beyond Gaussian theory more readily. We shall show how strong Fermi-liquid interactions which become singular in the Mott Insulator limit x→0 (xϭhole concentration͒ arise naturally as a result of strong correlation in the model and shall discuss some of their physical consequences. Unfortunately we discover that the major drawback of gauge theory is not remedied by this more complete form of Gaussian theory.
We begin in Sec. II with a brief revision of slave-boson mean-field theory for the t-J model. In Sec. III we generalize SBMFT to the time-dependent regime and derive transport equations in the linear-response regime. By eliminating the boson ͑hole͒ and constraint fields exactly we obtain a set of transport equations in terms of gauge-transformed fermions which can be identified as physical electrons in the system. The equations have the same form as corresponding transport equations for Fermi-liquids in the q ជ →0 limit and we can extract q ជ -dependent Landau interactions from the transport equation explicitly.
The solutions of the transport equations are discussed in Sec. IV. With a simplified form of Landau interaction we compute the density and current response functions and show that our refinements do not modify qualitatively the results obtained from U͑1͒ gauge theory. ͑See also the Appendix for a direct derivation of gauge theory results.͒ The important effects of screening and current renormalization are discussed. The origin of the small current carried by quasiparticles Jϳx ͑Refs. 9 and 15͒ in gauge theory is interpreted in Landau Fermi-liquid theory language. Our results are summarized in Sec. V where we comment on the lessons we learn and limitations of the theory. (3J/8) ␥(k ជ ) is the ''Fock'' self-energy from the Heisenberg interaction, whereas ⌬ (k ជ ) comes from the ''Cooper'' channel decoupling. The mean-field dispersion for the fermion qua- 6 Notice that the effective hopping from t term is renormalized by a factor b 2 ϳx in mean-field theory and the fermion dispersion is dominated by the Fock self-energy.
The boson ͑hole͒ mean-field Hamiltonian is
where V(q ជ ) is the Fourier transform of V(r ជ ) and ⑀(q ជ ) ϭϪt ␥(q ជ )ϩ . The bosons are bose condensed in the ground state implying that ϭt ␥(0,0). The mean-field dis- We note that we have followed the so-called U͑1͒ formulation of the t-J model in this paper. An alternative formulation is the SU͑2͒ formulation. 8 Mathematically the main difference between the two approaches is that the constraint of no-double occupancy is written in an SU͑2͒ symmetric way in SU͑2͒ theory, which introduces additional constraints c i c iϪ ϭ0 and its Hermitian conjugate. 8 These additional constraints are automatically satisfied if the constraint b i
† c i ϭ1 is imposed exactly. In mean-field theories where constraints are only satisfied on average, the introduction of SU͑2͒ constraints results in more complicated transport equations which are probably more reliable. In the lowtemperature superconducting states the SU͑2͒ formulation predicts new collective modes 17 near momentum q ជ ϳ(,) that are not treated correctly in U͑1͒ theory. However, the two approaches give qualitatively similar results at q ជ ϳ(0,0), 17 which is the regime we shall concentrate on in this paper. We follow the U͑1͒ formulation in this paper for simplicity.
III. TIME-DEPENDENT MEAN-FIELD THEORY AND TRANSPORT EQUATIONS FOR t-J MODEL
We now extend SBMFT to the time-dependent regime. The approach can be understood by considering the Heisenberg equations of motion ͑at imaginary time͒ ‫‪)Ô‬ץ/ץ(‬ ϭ͓H,Ô ͔ for operators Ô 2 's that are quadratic in the fermion creation/annihilation operators. Because of the presence of four-operator terms in the Hamiltonian, the equations of motion of Ô 2 will generate terms Ô 4 which involve fouroperator terms. The idea of ͑time-dependent͒ mean-field theory is to decouple the expectation value of the fouroperator terms in terms of products of two-operator teams in the equation of motion, i.e., ͗Ô 4 ͘ϳ͗Ô 2 (1) ͗͘Ô 2 (2) ͘, thus arriving at self-consistent equations for expectation values of two-operator terms ͗Ô 2 (i) ͘. 13 For usual interacting fermions Ô 2 's are the Wigner function operators. With a Hartree-Fock decoupling scheme we obtain after linearization of the equations of motion a transport equation that corresponds to timedependent Hartree-Fock approximation 13 for particle-hole excitations. We shall generalize this approach to SBMFT here. The decoupling scheme for SBMFT at equilibrium states will be used in the Heisenberg equation of motion.
We first consider equation of motion for the operator i j defined in last section in the presence of external vector electromagnetic ͑EM͒ field A i j ext () and scalar field ⌽ i ext (). Following the above-mentioned procedures, we obtain after some algebra the mean-field equation of motion, ‫ץ‬ ‫ץ‬
where various terms have the same meaning as in last section except the introduction of time dependence. The vector field A i j ext () couples to the electrons through the hopping term. 7 Similarly we obtain for the ⌬ i j and b i operators,
‫ץ‬ ‫ץ‬
and ‫ץ‬ ‫ץ‬
where we have coupled the external scalar potential to the bosons. 7 Similar equations of motion are also obtained for To derive transport equations we go to wave-vector space and linearize the equation of motion. First we introduce our notations for the Fourier-transformed fields. We write ͗ i j ()͘ϭ i j ϩ␦ i j (), where i j is the equilibrium value of ͗ i j ͘ and ␦ i j () is the time-dependent fluctuation. The
Fourier-transform field is defined by
where Dϭ2ϭ dimension, n k ជ is the Fourier transform of i j , and k ជ (q ជ ,) is the Fourier transform of ␦ i j (). Notice that (i, j)'s are not restricted to nearest-neighbor sites in the Fourier transforms. It can be shown from the definition of i j that k ជ * (q ជ )ϭ k ជ (Ϫq ជ ). Similarly we define for the ⌬ i j field,
where
For the boson and constraint fields, we define
Next we linear the equations of motion, Eq. ͑5͒. We con-
etc. and keep to linear order time-dependent fluctuations in both sides of Eqs. ͑5͒. Introducing Fourier transforms via Eq. ͑6͒, we obtain after some lengthy but straightforward algebra six linearized equations of motion for the fluctuating fields
The q ជ () field will be determined by the constraint equation. We shall simplify our notation by not displacing the explicit time dependence of the fields entering the transport equations in the following. First we consider the equations of motion for the fermion fields. The equations of motion for the k ជ (q ជ ) and ⌬ k ជ (q ជ ) fields can be written in a matrix form. Introducing the vector notation
we obtain after Fourier transforming in time,
and
, and
, where s x (ŷ ) ϭϩ(Ϫ)1, we obtain with Eq. ͑6b͒ for small fluctuations ⌬ i,iϩ ϳ⌬ ϩs ␦͉⌬ ͉(i ϩ /2)ϩi⌬ (iϩ /2), and
showing that the real and imaginary parts of ⌬ (q ជ ) represent the amplitude and phase fluctuations of the superconducting order parameter, respectively. Similarly, writing i,iϩ ϭ͉ ͉(iϩ /2)e ia (iϩ /2) , we obtain for small fluctuations,
showing that s(a) (q ជ ) represents the amplitude ͑phase͒ fluctuations of . Notice that a (q ជ ) is identified as an internal gauge field in gauge theory. 7 It is also proportional to the mean-field fermion paramagnetic current, which is given by j p (q ជ )ϭϪi(3J/4ϩ2tb 2 ) a (q ជ ). The structure of the fermion matrix transport equation is quite similar to transport equations for usual Fermi-liquid superconductors if only spin-singlet excitations are considered. 18 The absence of spin-triplet excitation in the matrix transport equation is a consequence of SBMFT which considers only decouplings in spin-singlet channel. G 0k ជ Ϫ1 is the standard kinetic term for Fermi-liquid superconductors 18 and the coupling to ⌬ and s(a) fields in the equations of motion can be understood easily from standard many-body theory for fermions. They are required in a conserving approximation in treating fermion-fermion interaction. 11 In equilibrium SBMFT, the Heisenberg interaction is decoupled in two channels resulting in the Cooper pairing field and ''Fock'' self-energy. A conserving approximation requires that corresponding vertex corrections must exist when computing the particle-hole and particle-particle propagators. They are precisely the ⌬ and s(a) terms in the equations of motion. For ordinary Fermi-liquid superconductors inclusion of superconductor order parameter fluctuations is essential to restore the correct longitudinal density response for superconductors 19 and inclusion of vertex correction coming from self-energy is essential to obtain the correct Fermiliquid interactions. 11 Similar results are obtained in SBMFT. The main difference between SBMFT and ordinary Fermiliquid superconductor is the presence of boson components and constraints in the system so that in addition to the above vertex corrections, fermions in SBMFT also couple to the boson and constraint fields in the equations of motion.
The two linearized equations of motion for the boson fields are
It is convenient to introduce the density-phase representation for bosons b i ϭn i e i i . Using Eq. ͑10͒ we obtain for
In the linear-response regime, the constraint field q ជ should be chosen such that the density fluctuations of the fermion field are exactly balanced by the density fluctuations of the boson field, i.e., (q ជ )ϭ ͚ k ជ k ជ (q ជ )ϭϪn(Ϫq ជ ). With Eq. ͑11a͒, we obtain for the field,
͔ is the meanfield density-density response function of the holes. 7 Putting Eq. ͑12͒ in Eq. ͑11b͒, we obtain 2ib 2 ⑀͑q ជ ͒͑ Ϫq ជ ͒ϭϪi͑ q ជ ͒Ϫ4b
which is the continuity equation. To see that we rewrite Eq. ͑13͒ as ‫ץ‬ ‫ץ‬
is the physical current. The current expression ͑14b͒ can also be obtained directly from the current expression derived from t term, where J i j ϳϪt ͚ (e precisely Eq. ͑14b͒ noting that ͗c i † c j ͘ϳ e ia i j . Notice that using Eq. ͑13͒, we can also write 
It is straightforward to show that the gauge transformation together with Eqs. ͑15͒ and ͑7͒ removes all the (Ϫq ជ ) fields, resulting in a matrix equations of motion in terms of gaugetransformed fermions only,
where all terms have the same meaning as before except they are now expressed in terms of the gauge-transformed fermi-
is the main result obtained in this paper. We note that after eliminating the boson and constraint fields the transport equations for the gauge-transformed fermions have the same form as a (q ជ -dependent͒ transport equations for ordinary Fermi-liquid superconductors. Notice that the physical electron density and current ͓see Eq. ͑14b͔͒ are the same as the density and current carried by the gaugetransformed fermions, respectively. The gauge transformation ͑15͒ absorbs the boson current and puts it in the current for gauge-transformed fermions. Consequently the gaugetransformed fermion field represents ͑approximately͒ physical electrons in the constrained Hilbert space. The dynamics of the bosons is completely eliminated reflecting their ''slave'' nature. Equation ͑16͒ shows that besides coupling to superconducting order parameter fluctuations, the gaugetransformed fermions ͑electrons͒ couple to each other through Landau molecular-field-type interactions. We can extract effective q ជ -dependent Landau interactions by comparing Eq. ͑16͒ with Landau transport equations for superconductors.
14 We obtain,
which corresponds to a rather regular Fermi-liquid. Notice that the density-density Landau interaction diverges in the b 2 →0 limit, which we shall see indicates the vanishing of compressibility in the insulating state. The effects of strong correlation will be discussed in more detail in the following section.
We note that with Eq. ͑17͒ we can also introduce quasiparticle scattering into the transport equation through usual Fermi-liquid phenomenology. 13, 12 The lifetime of a quasiparticle with momentum p ជ is given by the Boltzmann equation expression,
where the scattering rate W( p ជ ,k ជ ;q ជ ) can be identified as the absolute value square of the scattering amplitude ͉A( p ជ ,k ជ ;q ជ )͉ 2 and can be computed with our Landau interactions ͑17͒. 13 We recall that our transport equation is derived only for spin-singlet channel, and spin-triplet landau interactions are missing.
For ease of analysis it is convenient to separate the coupling of electrons to ''longitudinal'' and ''transverse'' fields explicitly. To achieve that we work in the Coulomb gauge such that A ext (q ជ ) is purely transverse and we write
We then perform another gauge transformation to rewrite the coupling of the electron fields to a l (q ជ ) in terms of a coupling to scalar field q ជ a . Using the continuity equation ͑keeping in mind that the boson phases are already absorbed in the electrons through the gauge transformation͒ and the gauge transformation relation 2 sin
Putting this back into the Equation of motion, Eq. ͑16͒, we obtain a matrix equation of motion for electrons where the longitudinal and transverse interactions are separated,
can be interpreted as a renormalized density-density response function for the holes.
IV. SOLUTIONS TO THE TRANSPORT EQUATIONS
In this section we shall study the solutions of the transport equations in both the normal and superconducting states, concentrated in the small wave vector q ជ limit and neglecting the quasiparticle lifetime effects. We shall first consider the density and ͑transverse͒ current responses in the normal state and shall compare our results with corresponding results in U͑1͒ gauge theory. 7 We shall then study the solutions of the transport equation in more details where quasiparticle properties will be examined. A similar study will then be carried out for the superconducting state.
The full transport equations ͑19͒ involve the complete Landau interactions ͑17͒, which are too complicated to be solved exactly. To have a qualitative understanding of the solutions we approximate the Landau interactions by keeping only density-density and current-current interactions, i.e., we approximate
where U e f f (q ជ )ϳ⑀(q ជ ) 2 /2b 2 ϩV(q ជ )ϩa(q ជ )tϪbJ, a and b constants of order O͑1͒ obtained from averaging the third and fourth terms in the Landau interactions ͑17͒ over the Fermi surfaces. The effect of the atϪbJ term is to renormalize the charge-charge interaction V(q) by adding a repulsive short-ranged potential of order ϳt. After making this approximation the transport equations become
where h RR (q ជ ,i) is given by Eq. ͑19b͒ with a renormalized charge-charge interaction V R (q)ϳV(q)ϩatϪbJ. We shall study this simplified matrix transport equation in the following. modes. 13 With our simplified Landau interaction, there exists only collective modes associated with density fluctuations in the system which can be determined from the poles of the density response functions. At small q ជ , the dispersion of the collective mode goes as q ជ ϳ ͱ 2b
where N(0) is the density of states on Fermi surface. Writing V(q)ϳtv(q) where v(q) is dimensionless, we obtain for small x q ជ goes as tͱqx for Coulomb interaction and goes as tqͱx for short ranged interaction. Well-defined collective mode exists at ͉q ជ ͉Ͻx(t/J) 2 for long-ranged Coulomb interaction. Otherwise the collective mode is overdamped by the particle-hole continuum.
We next consider solutions corresponding to dressed particle-hole pair excitations. In the normal state, we look for solutions of form
, corresponding to a bare particle-hole pair with relative momentum p ជ and energy p ជ ϩq ជ /2 Ϫ k ជ Ϫq ជ /2 . Putting this into the equation of motion ͑22͒ we obtain
The properties of the quasiparticles can be determined from solution of Eq. ͑25͒ if we identify k ជ (r ជ ) as a local quasiparticle density as in Fermi-liquid theory. It is easy to solve Eq. ͑25͒ to obtain
is the total charge carried by the dressed particle-hole pair 13 and (0) (q ជ )ϳ1 is the charge carried by the bare particle-hole pair. Overall speaking we find that the charge carried by the eigen-particle-hole pair ͑and the corresponding quasiparticle͒ is renormalized by a factor of order h RR ϳx from its bare value because of screening.
Hamiltonian is derived which forms the basis of our calculation of response function and quasi-particle properties. Our theory provides a more accurate description of Gaussian fluctuations in t-J model compared with U͑1͒ gauge theory and has the advantage that calculations beyond Gaussian theory ͑e.g., various transport coefficients͒ can be conveniently performed within the framework of Fermi-liquid phenomenology. Unfortunately the main drawback of gauge theories associated with quasi-particle current renormalization is not remedied in our treatment. Notice that our formulation can be generalized to the high-temperature phase where bose-condensation is absent in mean-field theory with a modified mean-field decoupling scheme where ͗b i ͘ϭ0 but
It will be interesting to find out whether the high temperature phase can be identified as some kind of Fermi Liquid phase at high-temperature in this approach.
A more fundamental question is to examine general features in our theory which are not specific to the t-J model. To be specific we consider a lattice fermion model with hopping to both nearest-and next-nearest-neighbor sites and with ͑re-pulsive͒ density-density and spin-spin interactions different from the t-J model. The only common feature of the model to t-J model is the presence of strong correlation handled by introducing slave bosons. It is not difficult to see that the equations of motion for bosons will be essentially the same as the corresponding equations in t-J model except that the mean-field dispersion ⑀(q ជ ) and density-density interaction V(q) are modified. For repulsive interactions the behavior of bosons will be very similar to bosons in t-J model. The expression for q ជ -field in linear-response regime will also be very similar to those in t-J model, since it is insensitive to the exact form of the spin-spin interaction. Therefore the main difference comes in the fermion part where a large variety of mean-field phases are possible, depending on details of the spin-spin interaction. After elimination of boson phase a generalized Fermi-liquid type description for fluctuations around the fermion mean-field state will be obtained for the lattice model, and the precise forms of the Landau interactions will depend on the microscopic Hamiltonian and the mean-field fermion state.
It is expected that the Landau interactions will have some common features as in t-J model. First of all, we expect that a density-density interaction term of form f k ជ q ជ d (q ជ ) ϳE h (q ជ ) 2 /2b 2 ⑀(q ជ ) will remain, since it comes from eliminating the bosons and constraint fields and does not depend on the fermion field. In fact, the presence of this term guarantees that the system becomes incompressible in the x→0 limit. Second, we expect that current-current interaction term F 1 ϳaxϪ1, where a is a numerical constant of order O͑1͒, will remain, as long as the fermion mean-field bandwidth remains finite in the limit x→0. The existence of this factor in SMBFT can be inferred from mean-field decoupling of the hopping terms which introduces a factor ϳx in the coupling to external EM field. As a result quasi-particle carries vanishing current in the Mott Insulator limit x→0. Notice that these are the two main features that dictate the density and current response of the SBMFT treatment in the small q ជ limit. The temperature dependence of London penetration depth in high-T c cuprates suggests that current carried by quasi-particles on the Fermi surface does not vanish in the x→0 limit. It would be interesting to examine whether this feature is unique to high-T c cuprates or whether there exist systems where quasiparticle current indeed vanished continuously when approaching the Mott-Insulator state.
Finally we note that U͑1͒ formalism is believed to be insufficient when describing properties associated with slightly broken SU͑2͒ symmetry. For simplicity we have concentrated at region q ជ ϳ(0,0) in this paper where SU͑2͒ effect is not strong. To incorporate SU͑2͒ fluctuations correctly a SU͑2͒ version of transport equations is required.
